
 

MATH 2050 Continuity of functions

Reference Bartle 85.1 5.2

Q what does continuity mean

f A B A f is continuous at c

fix fcc when c

y f X E S

O

N This is
Note We NEED ce A

continuous

r 7
1 C 3

A 1 3

Def E 8 def1 for continuity
n Cts

Given f A B and C E A we say that f is continuous

at c if HE o I 8 8 E o s.t

X I f x f e l c E whenever X E A IX C Is 8

Remark Compared to the def of him51 1 L we have
c

L is replaced by f C C C A

f C matters here unlike him51 1 L
x c

ex is always satisfied at X C

C may or may not be a clusterpoint of
A

Note Continuity of f at CEA is sensitive to the

value of f o



For the last remark
A

Case 1 when C a cluster pt of A

f is cts at CE A lion fix fcc
x 2C

interest'S Pie you can substitute to
cast evacuate the limit at C

Case 2 when C is NII a cluster pt of A

Then f is always cts at C C A

fo
why In this case I S o et

o T A h C S C 18 c

o t is thirdly satisfied
CLab
A

Note continuity is a pointwise condition

Def'd f A IR is continuous on a subset B E A

if f is continuous at EVERY CE B

In particular if D A then we say f is continuous everywhere

Examples of continuousfunctions

f X b constantfunction a fex SMX or OSX or tanX

f X X or fix X fr x or TX

fCx pix polynomialfunction



Example of dis continuousfunctions

Exa Consider f IR A B defined by

f x to II signfunction

1 if to

show that F is NII cts at X O

n D fCx
Proof Nate 0G A is a cluster pt of A B 1 o

Check whether limfix fCc
X so C o

In this case 1 fix DOES Not EXIST o y

consider Gcn TINI 0 and seq
limfcx does

note fkn C 1 n is divergent
x o net

criteria exist

b

Remark For this f it is discontinuous at 0 no matter

what the value of f o is

Example Sometimes you can make a fan cts byredefining it at apt
differs

fix f
it to gc f

x it to

0 if X o only 1 if X O
at X o n

n y fix y gcaI

But o 77
limfex o lungCxx o xso

This is cts at 0 This is NIT cts at o



Example 2 The function f A D R defined by

fax a f f
if x E

if XEl Q

is dis continuous EVERYWHERE

Proof Key idea Densityof Q or Q in B
i

Take C E B There are 2 cases
sea so
I t

case 1 C E Q c Q

claim limfex DOES Not EXIST
x c

Reason rational numbers Gini c fan 1 2
ItII irrational numbers ECE c fair o o

density DONE by Seg CriteriaC I

case 2 C Q is the same
D

How to construct NEW Cts far from OLD ones

A most of the time use limit theorems

Thin 1 f g A B is cts CatCC EA

f I g fg 57g is d s at CE A whereverthey are defined



I fm9cxX ne f Cx
agemywweagemym.ee

igdefmed.aexoyf
Thing f A R is cts at CE A

If If I are cts at C C A whereinthey are defined

Oooo g
Th m 3 Composition of functions

a
EEf

then Gof is cts at c c A Sof A IR

Sof x g tix

new

Proof Use E S defI Let b f c c B

et E o be fixed but arbitrary
Since g is cts at b f c then I 8 S E so et

f I g y g b Is E when YE B ly b l s S

Since f is cts at CEA for the T EO I 82 8218 o Et

tf Ifcx f I s S when X E A Ix c l C 82



For such 8230 when X E A IX C Is 82

by Ctt Ifan fl c I s S
y b

by t f g fix g fcc I s E

Sof SofCC
is

picture
f g

n
S g f A e
x 71ps x IR X B

A C fcc b B Soto

Gof

Exercise Prove this using sequential criteria


